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The algebraicity conjecture for simple groups of finite Morley rank, also
known as the Cherlin-Zilber conjecture, states that simple groups of finite Mor-
ley rank are simple algebraic groups over algebraically closed fields. In the last
15 years, the main line of attack on this problem has been Borovik’s program
of transferring methods from finite group theory. Borovik’s program has led
to considerable progress; however, the conjecture itself remains decidedly open.
In Borovik’s program, groups of finite Morley rank are divided into four types,
odd, even, mixed, and degenerate, according to the structure of their Sylow 2-
subgroup. For even and mixed type the algebraicity conjecture has been proven.
The present paper provides a collection of tools which play a role in the
analysis of odd type groups, and may have applications in degenerate type.
These tools involve the “0-unipotence” technology introduced and applied in
[Bur04b, Bur04a]. In [Bur04b], the 0-unipotence theory is restricted to those
results needed for the applications in signalizer functor theory. The tools pre-
sented below develop the general theory further. These results will be applied
in [Bur05], which deals with the Bender method in minimal simple groups, and
again in [BCJ05], where minimal simple groups of odd type are treated.
A central theme of the present paper is “Sylow theory for p = 0”, in solvable
groups of finite Morley rank. As we will see below, it would be more accurate
to say p = (0, r) here, where the parameter r represents the “reduced rank” of
[Bur04b] (cf. §1). So, from our point of view, the case p = 0 splits into infinitely
many “primes”.
The paper is organized as follows. Section 1 recalls the definition of the
“p-unipotent radical” Up(G) and its analogs for p = 0, the operators U0,r,
as introduced in [Bur04b] and [Bur04a]. Section 2 shows that, in nilpotent
groups, several basic properties of the connected component operator also hold
for the U0,r operator, including a variant of the normalizer condition (Lemma
2.4 below).
Section 3 provides the first substantial result, a decomposition theorem for
nilpotent groups.
∗Supported by National Science Foundation grant DMS-0100794 and Deutsche Forschungs-
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Theorem 3.5. Let G be a divisible nilpotent group of finite Morley rank, and
let T be the torsion subgroup of G. Then
G = d(T ) ∗ U0,1(G) ∗ U0,2(G) ∗ · · · ∗ U0,rk(G)(G)
One may view this result as an analog of the fact that a finite nilpotent group
is the direct product of its Sylow subgroups. In section 4, this decomposition
is applied to produce a new proof of a theorem from [FJ04] (see Lemma 4.4
below).
In contrast with p-groups, connected subgroups of a nilpotent U0,r-group
(G = U0,r(G)) need not be U0,r-subgroup themselves. Nonetheless, we show
that, if a nilpotent U0,r-group is generated by a family of definable subgroups,
then it is generated by their U0,r-parts (Theorem 2.9).
In the final §5, we develop the theory of Sylow U0,r-subgroup. Here a Sylow
U0,r-subgroup is defined as a maximal nilpotent U0,r-subgroup.
Theorem 5.5. Let H be a connected solvable group of finite Morley rank. Then
the Sylow U0,r-subgroups of H are H-conjugate.
We recall that a nilpotent and self-normalizing subgroup of a group of finite
Morley rank is called a Carter subgroup. The proof of Theorem 5.5 is parallel
to Wagner’s proof of conjugacy for Carter subgroups [Wag97]. Indeed, a Sylow
U0,r-subgroup is a nilpotent U0,r-subgroup which is self-normalizing as a U0,r-
group, in the sense of Lemma 5.2. The Sylow U0,r-subgroup theory is connected
to Carter subgroup theory as follows.
Theorem 5.7. Let H be a connected solvable group of finite Morley rank and let
Q be a Carter subgroup of H. Then U0,r(H
′)U0,r(Q) is a Sylow U0,r-subgroup
of H, and every Sylow U0,r-subgroup has this form for some Carter subgroup Q.
In [BCJ05], the results above will be used to prove the following.
Theorem. Let G be a minimal connected simple group of finite Morley rank
and odd type with a strongly embedded subgroup. Then G has Pru¨fer rank one.
The results of the present paper will also be used extensively in [Bur05],
which will itself be applied in [BCJ05].
1 Unipotence
While there is no intrinsic definition of unipotence in a group of finite Morley
rank, there are various analogs of the “unipotent radical”: the Fitting subgroup,
the p-unipotent operators Up, for p prime, and their analogs U0,r from [Bur04b,
Bur04a]. We recall their definitions.
The Fitting subgroup F (G) of a groupG of finite Morley rank is the subgroup
generated by all its nilpotent normal subgroups. The Fitting subgroup is itself
nilpotent and definable [Bel87, Nes91a, BN94, Theorem 7.3]. In some contexts,
the Fitting subgroup is a reasonable notion of unipotence.
A definable subgroup of a connected solvable groupH of finite Morley rank is
said to be p-unipotent if it is a definable connected p-group of bounded exponent.
Fact 1.1 ([CJ04, Cor. 2.16]; [ABC97, Fact 2.36]). Let H be a connected solv-
able group of finite Morley rank. Then there is a unique maximal p-unipotent
subgroup Up(H) of H, and Up(H) ≤ F ◦(H).
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The present paper is dedicated to the theory of “characteristic zero” unipo-
tence introduced in [Bur04b]. We now turn our attention to this (long) defini-
tion.
Consider an abelian group A of finite Morley rank. We say a pair A1, A2 < A
of proper subgroups of A is supplemental if A1+A2 = A. We say that an abelian
group of finite Morley rank is indecomposable if it has no supplemental pair of
proper definable subgroups.
Lemma 1.2. An infinite definable indecomposable abelian group is connected.
We require the following fact.
Fact 1.3 ([BN94, Ex. 11 p. 93 & Ex. 13c p. 72]). Let G be a group of finite
Morley rank and let H⊳G be a definable subgroup. If x ∈ G is an element such
that x¯ ∈ G/H is a p-element, then xH contains a p-element. Furthermore, if
H and G/H are p⊥-groups, then G is a p⊥-group.
Proof of Lemma 1.2. Let A be a counterexample. Since A is disconnected, A◦ <
A. Since A is abelian, there is a definable subgroup B < A which contains A◦
and has A/B cyclic of prime order p. By Fact 1.3, there is a p-element x ∈ A
which lies in a coset of B. So 〈x〉 is a definable supplement of B in A.
Fact 1.4 ([Bur04b, Lemma 2.4]). Every abelian group of finite Morley rank can
be written as a finite sum of definable indecomposable abelian subgroups.
The radical J(A) of a nontrivial definable abelian group of finite Morley
rank is defined to be the maximal proper definable connected subgroup without
a definable supplement. The radical J(A) exists and is unique by [Bur04b,
Lemma 2.6]. In particular, the radical J(A) of a connected indecomposable
abelian group A of finite Morley rank is its unique maximal proper definable
connected subgroup.
We define the reduced (Morley) rank r¯(A) of a definable abelian group A
to be the Morley rank of the quotient A/J(A), i.e. r¯(A) = rk(A/J(A)). For a
group G of finite Morley rank, and an integer r, we define
U0,r(G) =
〈
A ≤ G
∣∣∣∣ A is a definable indecomposable group,r¯(A) = r, and A/J(A) is torsion-free
〉
We say that G is a U0,r-group (alternatively (0, r)-unipotent) if U0,r(G) = G.
The 0-unipotent radical U0(G) is defined as follows. Set r¯0(G) = max{r |
U0,r(G) 6= 1}, and set U0(G) = U0,r¯0(G)(G).
We view the reduced rank parameter r as providing a scale of unipotence,
with larger values being more unipotent. By the following fact, the “most
unipotent” groups are nilpotent.
Fact 1.5 ([Bur04a, Thm. 2.21]; [Bur04b, Thm. 2.16]). Let H be a connected
solvable group of finite Morley rank. Then U0(H) ≤ F (H).
2 Basic results
We begin with some general results on nilpotent U0,r-subgroups. Each result
below has a trivial analog for nilpotent p-groups, as well as a less trivial version
for connected groups.
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Fact 2.1 ([Bur04a, Lemma 2.12]; [Bur04b, Lemma 2.11]). Let f : G → H be
a definable homomorphism between two groups of finite Morley rank. Then the
following hold.
1. (Push-forward) f(U0,r(G)) ≤ U0,r(H) is a U0,r-group.
2. (Pull-back) If U0,r(H) ≤ f(G) then f(U0,r(G)) = U0,r(H).
In particular, an extension of a U0,r-group by a U0,r-group is a U0,r-group.
We may use this fact to quickly show that the lower central series of a
nilpotent U0,r-group consists of U0,r-groups.
Lemma 2.2 ([Bur04a, Lemma 2.23]). Let G be a nilpotent U0,r-group. Then
the subgroups Gk and their quotients Gk/Gk+1 are U0,r-groups for all k.
It is a standard fact that, in a nilpotent group G, there is a homomorphism
ad(g) : G/G′×Gk−1/Gk → Gk/Gk+1 induced by the commutator map (x, y) 7→
[x, y]. Such fact as this, and [Gi, Gj ] ≤ Gi+j+1 [BN94, Ex. 2d p. 4], are direct
consequences of the following identities (see also [War76, Lemma 1.7] and [BN94,
Ex. 12a p. 6]).
[z, uv] = [z, v][z, u]v [uv, z] = [u, z]v[v, z]
[[x, y−1], z]y[[y, z−1], x]z [[z, x−1], y]x = 1
Proof of Lemma 2.2. We may assume that Gk+1 is a U0,r-group, by downward
induction on k. By Lemma 2.1, G/G′ is a U0,r-group. By Lemma 2.1, the image
fk(G/G
′, g) ≤ Gk/Gk+1 is a U0,r-group for g ∈ Gk/Gk+1. Since these groups
generate Gk/Gk+1, the quotient Gk/Gk+1 is a U0,r-group too. By Lemma 2.1,
Gk is a U0,r-group.
We also show that the center of a nilpotent group involves all its reduced
ranks.
Lemma 2.3. Let G be a nilpotent group of finite Morley rank which satisfies
U0,r(G) 6= 1. Then U0,r(Z(G)) 6= 1.
Proof. Suppose that U0,r(Zk(G)) = 1 with k ≥ 1. We may assume k is max-
imal. Let H = G/Zk−1(G). By Lemma 2.1, we have U0,r(Z(H)) = 1 and
U0,r(Z2(H)) 6= 1. For any a ∈ H , there is a homomorphism fa : Z2(H)→ Z(H)
given by x 7→ [a, x]. By Lemma 2.1, fa(U0,r(Z2(H))) is a U0,r-group, so we may
assume fa(U0,r(Z2(H))) = 1. So [a, U0,r(Z2(H))] = 1 for all a ∈ H , and
U0,r(Z2(H)) ≤ Z(H), a contradiction.
We also have a 0-unipotent analog of the connected normalizer condition
[BN94, Lemma 6.3].
Lemma 2.4 ([Bur04a, Lemma 2.28]). Let G be a nilpotent U0,r-group. If H < G
is a definable subgroup then U0,r(NG(H)/H) > 1.
Proof. We may assume that G is a counterexample of minimal Morley rank,
and that H is nontrivial. Then Z := U0,r(Z(G)) is nontrivial by Lemma 2.3.
We may assume that Z ≤ H . So K := U0,r(H) is nontrivial. By Lemma 2.1,
G/Z is a U0,r-group. By minimality, the group
U0,r(NG(H)/Z)/K = U0,r(NG/Z(H/Z))/K
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is nontrivial. By Lemma 2.1, this is isomorphic to (U0,r(NG(H))/Z)/(K/Z),
which is isomorphic to U0,r(NG(H))/K, a contradiction.
Lemma 2.1 also yields the following generalization of Fact 1.5.
Lemma 2.5. Let H be a connected solvable group of finite Morley rank. Let
r be the maximal reduced rank such that U0,r(H) 6≤ Zn(H) for any n. Then
U0,r(H) ≤ F (H).
Proof. Suppose that U0,s(H) ≤ Z(H) for all s > r. Then U0,r(H/Z◦(H)) is
nilpotent by Fact 1.5. By Lemma 2.1,
U0,r(H)/(U0,r(H) ∩ Z
◦(H)) ∼= U0,r(H)Z
◦(H)/Z◦(H) ∼= U0,r(H/Z
◦(H))
So U0,r(H) is a central extension of a nilpotent group, and hence nilpotent itself
(see Fact 4.2 below).
We recall that the Frattini subgroup Φ(G) of a group G of finite Morley
rank is defined as the intersection of all maximal proper definable connected
subgroups of G (see also [Fre´00a, Definition 5.6]). This definition is designed to
yield the following fact.
Fact 2.6 ([Fre´00a, Lemma 5.7]). Let G be a connected group of finite Morley
rank. Suppose H is a definable subgroup of G such that G = HΦ(G). Then
H = G.
Corollary 2.7. Let A be a connected abelian group of finite Morley rank. Then
Φ◦(A) = J(A).
Proof. Φ◦(A) has no definable supplement, by Fact 2.6, so Φ◦(A) ≤ J(A).
Conversely, consider a maximal proper definable connected subgroup M of A.
Then A/M is a minimal group. Since J(A) has no supplement in A, J(A) ≤M .
Since J(A) is connected, J(A) ≤ Φ◦(A).
Olivier Fre´con has pointed out that nilpotent U0,r-groups are “homogeneous”
modulo their Frattini subgroup.
Lemma 2.8 (cf. Fre´con). Let G be a nilpotent U0,r-group of finite Morley rank.
Then U0,s(G) ≤ Φ(G) for s 6= r, and Φ(G) contains all torsion elements of G.
Proof. Otherwise, there is a maximal proper definable connected subgroup M
of G such that either G/M contains torsion, by Fact 1.3, or U0,s(G/M) 6= 1 for
some s 6= r, by Fact 2.1. But G/M is a minimal group, so U0,r(G/M) = 1 in
either case, a contradiction to Fact 2.1.
We note that Facts 2.6 and 2.1 provide a converse to Lemma 2.8. i.e. G is a
U0,r-group if G/Φ(G) is a U0,r-group.
Fre´con’s lemma provides an easy proof of the following important generation
theorem. Our original proof of this result required a Krull-Schmidt theorem.
Theorem 2.9 ([Bur04a, Thm. 2.41]). Let G be a nilpotent U0,r-group. Let
{Hi}i≤n be a family of definable subgroups such that G = 〈∪iHi〉. Then G =
〈∪iU0,r(Hi)〉.
Proof. Consider the quotient G¯ = G/Φ(G). Then G¯ is generated by the groups
H¯i = HiΦ(G)/Φ(G). Since G is a U0,r-group, Lemma 2.8 says that G¯ is torsion-
free and U0,s(G¯) = 1 for s 6= r, by Fact 1.3 and Lemma 2.1, respectively. So
U0,r(H¯i) = H¯i. By Fact 2.1, G = 〈∪iU0,r(Hi)〉Φ(G). So the result follows from
Fact 2.6.
3 A nilpotent structure theorem
We now use the 0-unipotence theory to find a canonical decomposition of a
connected nilpotent group of finite Morley rank. This generalizes the fact that
a finite nilpotent group is the product of its Sylow p-subgroups, a result which
follows from the next fact.
Fact 3.1. Let N be a nilpotent group, let p, q be distinct primes, let P be a
p-subgroup of N , and let Q be a q-subgroup of N . Then [P,Q] = 1.
As suggested by the analogy with prime numbers, a similar result holds for
U0,r-groups of different reduced ranks r.
In the proof, we will use the following fact.
Fact 3.2 ([BN94, Cor. 5.29]; [Zil77]). Let H be a definable connected subgroup
of a group G of finite Morley rank and let X ⊂ G be any subset of G. Then
[H,X ] is definable and connected.
Lemma 3.3 ([Bur04a, Lemma 2.30]). Let N be a nilpotent group of finite Mor-
ley rank. Let A,B ≤ N be definable connected indecomposable abelian groups
with r¯(A) 6= r¯(B). Then [A,B] = 1.
To prove this, we recall a technical version of Fact 2.1-1.
Fact 3.4 ([Bur04a, Lemma 2.9]; [Bur04b, Lemma 2.9]). Let f : A → G be a
definable homomorphism between two definable connected groups inside a struc-
ture of finite Morley rank. Suppose that A is abelian and indecomposable. Then
f(A) is indecomposable and f(J(A)) = J(f(A)).
Proof of Lemma 3.3. Suppose toward a contradiction that [A,B] 6= 1. Let k be
the maximal integer such that [A,B] ≤ Nk. We may assume that Nk+1 = 1
by Fact 3.4, and then [A,B] is central in N . By Fact 3.2, the group [A,B] is
connected and definable. Let M < [A,B] be a proper connected subgroup of
maximal Morley rank. We may also assume M = 1, by Fact 3.4, since M ⊳N .
So [A,B] is indecomposable and J([A,B]) = 1. There are a ∈ A and b ∈ B such
that [a, b] 6= 1. There are homomorphisms f : A → [A,B] and g : B → [A,B]
given by x 7→ [x, b] and y 7→ [a, y], respectively. Since [a, b] 6= 1 and A,B
are connected, f(A) and g(B) are nontrivial connected subgroups of [A,B].
Since [A,B] is minimal, f(A) = [A,B] = g(B). Since [A,B] is indecomposable,
Lemma 2.1 says r¯(A) = r¯([A,B]) = r¯(B), a contradiction.
Theorem 3.5. Let G be a divisible nilpotent group of finite Morley rank, and
let T be the torsion subgroup of G. Then
G = d(T ) ∗ U0,1(G) ∗ U0,2(G) ∗ · · · ∗ U0,rk(G)(G)
6
Proof. By [Nes91b, BN94, Theorem 6.9], T is central in G, and thus d(T ) ≤
Z(G). Since U0,r(G) and U0,s(G) commute whenever r 6= s by Lemma 3.3, we
have a central product
D := d(T ) ∗ U0,1(G) ∗ U0,2(G) ∗ · · · ∗ U0,rk(G)(G)
and we claim D = G. Since d(T )⊳G and U0,r(G)⊳G, we have D⊳G. Suppose
toward a contradiction that D < G. Since G/D is torsion-free by Fact 1.3,
U0(G/D) 6= 1 and U0,r¯0(G/D)(G) 6≤ D by Lemma 2.1, a contradiction.
We combine Theorem 3.5 and Fact 3.1 as follows:
Corollary 3.6 ([Bur04a, Thm. 2.31]). Let G be a nilpotent group of finite
Morley rank. Then G = D ∗ B is a central product of definable characteristic
subgroups D,B ≤ G where D is divisible and B has bounded exponent (it is
connected iff G is connected). Let T be the torsion part of D. Then we have
decompositions of D and B as follows.
D = d(T ) ∗ U0,1(G) ∗ U0,2(G) ∗ · · ·
B = U2(G)× U3(G)× U5(G)× · · ·
Proof. The group G is a central product of groups D and B by [BN94, Theorem
6.8, Ex. 7 p. 71, 12d p. 6]. Theorem 3.5 provides the decomposition of D. By
Fact 3.1, C := U2(G)× U3(G) × U5(G)× · · · is a direct sum. Since Up(G) ⊳G
for prime p, C ⊳G. By Fact 1.3, Up(G/C) = 1 for any p prime. So B = C.
As a corollary, we have a version of Fact 3.2 for normal nilpotent U0,r-groups.
As in §2, the operator U0,r replaces the connected component operator. Such
results are trivial for Up because a connected subgroup of a p-unipotent group
is p-unipotent.
Corollary 3.7. Let G be a solvable group of finite Morley rank, let S ⊂ G be
any subset, and let H be a nilpotent U0,r-group which is normal in G. Then
[H,S] ≤ H is a U0,r-group.
Proof. We may assume that S = {s} consists of a single element. Let Y :=
U0,r([H, s]) be the largest U0,r-subgroup of [H, s]. We may assume that H
′ ≤
Y by induction on the nilpotency class of H , and so Y ⊳ H . Consider the
commutator map f : H → [H, s]/Y given by x 7→ [x, s]. Since H ⊳ G, the
group [H, s] ≤ H is nilpotent. By Theorem 3.6, [H, s] = d(T ) ∗ U0,1([H, s]) ∗
U0,2([H, s) ∗ · · · , where T is the torsion part of [H, s]. Since H is a U0,r-group,
U0,k([H, s]) ≤ U0,k(H) ≤ Z(H) for k 6= r, by Theorem 3.6 again. Similarly,
d(T ) ≤ Z(H). So, for any u ∈ H , there is a y ∈ Y and a z ∈ [H, s]∩Z(H) such
that [u, s] = zy, i.e. z is the product of elements from the other factors of [H, s].
For any v ∈ H ,
[uv, s] = [u, s]v[v, s] = (zy)v[v, s] = zyv[v, s] ∈ [u, s][v, s]Y
So the map f is a homomorphism. Since H is a U0,r-group, the image [H, s]/Y
is a U0,r-group by Fact 2.1. Since Y is also a U0,r-group, [H, s] is a U0,r-group
by Fact 2.1.
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4 A nilpotence criterion
In [FJ04], Fre´con and Jaligot used the 0-unipotent radical to build Carter sub-
groups of non-solvable groups of finite Morley rank. Their idea was to build
an almost self-normalizing nilpotent group in stages by monitoring the reduced
rank parameter, first taking the least unipotent groups, and then adding increas-
ingly unipotent groups which normalize them. This scale can be summarized as
follows:
1. a divisible torsion group Si is a “non-unipotent” group because it is never
acted upon by a connected group.
2. the reduced rank parameter r measures the degree of unipotence for nilpo-
tent U0,r-groups.
3. a p-unipotent group is always unipotent.
These points are represented in [FJ04, Corollary 3.8], but the proof here clarifies
matters by employing Theorem 3.5. Lemma 4.4, which justifies the second
point’s scale of 0-unipotence, is the only result of this section which will play a
role in the remainder of the paper.
Proposition 4.1. Let G = 〈G1, . . . , Gn〉 be a group of finite Morley rank which
is generated by connected definable nilpotent groups Gi, each of which satisfies
one of the following.
(i) Gi = d(Si) for some divisible torsion group Si,
(ii) U0,ri(Gi) = Gi for some natural number ri, or
(iii) Upi(Gi) = Gi for some pi prime.
Suppose the Gi are ordered from least unipotent to most unipotent, i.e. groups
of type (i) come before groups of type (ii) or (iii), and the groups of type (ii)
have nondecreasing reduced ranks, i.e. ri ≥ rj whenever i > j. Suppose further
that Gi normalizes Gj whenever i > j.
Then G is nilpotent.
Fact 1.1 suggests that p-unipotent groups, type (iii), are more unipotent then
either type (i) or type (ii). However, a field of finite Morley rank of positive
characteristic has no definable torsion-free section of its multiplicative group
[Wag01]. From this, it will follow that a nilpotent U0,r-group never acts on a
p-unipotent group. As a result, one may allow groups of type (iii) to precede
groups of type (ii).
The proposition will use standard tricks for building a central series.
Fact 4.2 ([FJ04, Fact 2.5]). Let G = HL be a group with H and L nilpotent
subgroups and H ⊳ G. Let 1 = H0 ≤ H1 ≤ · · · ≤ Hn = H be a series of
G-normal subgroups of H. Suppose that the groups (Hi/Hi−1)⋊L are nilpotent
for 1 ≤ i ≤ n. Then G is nilpotent.
We recall that connected groups do not act upon divisible torsion, to dispense
with type (i).
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Fact 4.3 ([BN94, Ex. 3 p. 148]). Let G be a connected group of finite Morley
rank. Then the divisible torsion part of F (G) is central in G.
We capture the behavior of type (ii) as follows.
Lemma 4.4 (compare [FJ04, Prop. 3.7]). Let G = HT be a group of finite
Morley rank with H⊳G a nilpotent U0,r-group and T a nilpotent U0,s-group for
some s ≥ r. Then G is nilpotent.
Proof. Since [H,T ] is a U0,r-group by Corollary 3.7, we may suppose inductively
that [H,T ]⋊ T is nilpotent. So we may assume that [H,T ] = H , as the lemma
follows by factoring out [H,T ] otherwise. Let H¯ = H/Φ(H). So s ≥ r¯0(H¯) by
Lemma 2.8. As T ≤ F (H¯ ⋊ T ) by Fact 1.5, H¯ ⋊ T is nilpotent. So [H¯, T ] = H¯
contradicts Theorem 3.5.
We finally treat the relationship between types (ii) and (iii).
Lemma 4.5. Let G be a connected solvable group of finite Morley rank. Suppose
that S is a nilpotent U0,r-subgroup of G, and that G = Up(G)S for some p prime.
Then G is nilpotent, and [Up(G), S] = 1.
Proof. There is a normal series {Ai}ni=0 for Up(G) such that Ai/Ai−1 is S-
minimal, i.e. minimal subject to being definable, infinite, and S-normal. Sup-
pose toward a contradiction that CS(Ai/Ai−1) < S. By the Zilber Field
Theorem [BN94, Theorem 9.1], there is an algebraically closed field k with
k+ ∼= Ai/Ai−1, and S/CS(Ai/Ai−1) →֒ k∗. So k is a definable field of character-
istic p, with a definable torsion-free section of k∗, in contradiction to [Wag01,
Corollary 9]. So G = Up(G)S is nilpotent by Fact 4.2. By Corollary 3.6,
[Up(G), S] = 1.
Proof of Proposition 4.1. Let N = 〈G1, . . . , Gn−1〉. We assume inductively that
N is nilpotent. So Gn normalizes N and G = 〈Gn ∪N〉 is solvable.
Suppose first that Gn is of type (i), i.e. Gn = d(Sn) for some divisible torsion
group Sn−1. Then Gi for i < n are all of type (i) by our assumption; and thus
Gi ≤ Z(G) for i < n by Fact 4.3. So N ≤ Z(G) and G is abelian.
For the type (ii) case, suppose U0,rn(Gn) = Gn for some rn ∈ N. Let
Hi := 〈Gj : j ≤ i〉/〈Gj : j < i〉 for i < n. As above, Hi is abelian whenever
Gi is of type (i). By Fact 2.1, the group Hi is a U0,ri-group whenever Gi is of
type (ii), i.e. Gi is a U0,ri-group. Clearly Hi is pi-unipotent when Gi is of type
(iii) too. We observe that Gn acts on Hi for i < n. By Fact 4.3, Lemma 4.4, or
Lemma 4.5 (as appropriate) Hi ⋊ Gn is nilpotent for i < n. So G is nilpotent
by Fact 4.2.
For the type (iii) case, suppose Upn(Gn) = Gn for some pn prime. The result
follows immediately from the fact that Gn ≤ F (G) by Fact 1.1.
A convenient corollary is provided by Corollary 3.6.
Corollary 4.6 (compare [FJ04, Prop. 3.7]). Let G = HT be a group of finite
Morley rank, with H and T definable and nilpotent. Suppose that T is generated
by the groups U0,r(T ) with r ≥ r¯0(H), and Up(T ) with p prime. Then G is
nilpotent.
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Proof. Corollary 3.6 provides H and T with decompositions H1, . . . , Hn and
T1, . . . , Tm which are compatible with the hypotheses of Proposition 4.1. Clearly
T normalizes each factor of H . So G = 〈H1, . . . , Hn, T1, . . . , Tm〉 is nilpotent by
Proposition 4.1.
5 Sylow U0,r-subgroups
We now turn to our theory of Sylow U0,r-subgroups.
Definition 5.1. Let G be a group of finite Morley rank. We call a maximal
definable nilpotent U0,r-subgroup a Sylow U0,r-subgroup of G.
Sylow U0,r-subgroup are an analog of Carter subgroups in the following
sense.
Lemma 5.2 ([Bur04a, Lemma 4.18]). Let H be a group of finite Morley rank.
Then the Sylow U0,r-subgroups of H are exactly those nilpotent U0,r-subgroups
S such that U0,r(NG(S)) = S.
Proof. Let S be a Sylow U0,r-subgroup of H . Suppose toward a contradiction
that U0,r(NH(S)) > S. Then there is an abelian U0,r-group A ≤ NH(S) with
A 6≤ S. The group SA is nilpotent by Lemma 4.4, contradicting the maximality
of S. Conversely, a nilpotent U0,r-subgroup S with U0,r(NG(S)) = S is a Sylow
U0,r-subgroup by Lemma 2.4.
To show that Sylow U0,r-subgroups are conjugate in a solvable groups, we
follow Wagner’s proof of conjugacy for Carter subgroups [Wag97].
Given a group G, we recall that a subgroup L is said to be a complement to
a normal subgroup N ⊳G in G if NL = G and N ∩ L = 1.
Fact 5.3 ([Wag97, Cor. 5.5.4]). Let G be a group of finite Morley rank with a
definable normal abelian subgroup K such that G/K is nilpotent. Suppose some
g ∈ G acts without fixed points on K. Then there is a nilpotent complement C
in G for K, any nilpotent subgroup L with G = KL is a complement for K,
and any two complements to K in G are conjugate.
Lemma 5.4. Let H be a connected solvable group of finite Morley rank and
let K be a definable H-minimal subgroup of Z(F (H)). Then the Sylow U0,r-
subgroups of H/K are exactly the images of the Sylow U0,r-subgroups of H.
Proof. Suppose thatH is a counterexample of minimal Morley rank. We observe
that J(K) = 1. Let H¯ = H/K. Consider a Sylow U0,r-subgroup S of H . We
will show, using the criteria of Lemma 5.2, that S¯ = SK/K is a Sylow U0,r-
subgroup of H¯ .
First, suppose thatK is centralized by S. ThenK ≤ NH(S) and U0,r(SK) =
S. So S ⊳NH(SK), and NH(S mod K) = NH(SK) ≤ NH(S). By Lemma 2.1,
U0,r(NH(S mod K)) ≤ U0,r(NH(S)) = S and U0,r(NH¯(S¯)) = S¯, as desired.
Next, suppose that S acts nontrivially on K. Since K is H-minimal, K is
also T -minimal where T := H/CH(K). By the Zilber Field Theorem [BN94,
Theorem 9.1], there is an algebraically closed field k with K ∼= k+, T →֒ k∗,
and our action is the field action. Therefore any element of S \ CH(K) acts
without fixed points on K. By Fact 5.3, S is a complement to K in SK, and
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the complements to K are all conjugate. So NH(SK) = NH(S)K by a Frattini
argument. The quotient map H → H¯ now gives a surjective homomorphism
f : NH(S) → NH¯(S¯). By Lemma 2.1,
U0,r(NH¯(S¯)) = f(U0,r(NH(S))) = f(S) = S¯
Theorem 5.5 ([Bur04a, Thm. 4.16]). Let H be a connected solvable group of
finite Morley rank. Then the Sylow U0,r-subgroups of H are H-conjugate.
Proof. Let S1, S2 be Sylow U0,r-subgroups of H and let K be an H-minimal
subgroup of Z(F (H)). By Lemma 5.4, the quotients S1K/K and S2K/K are
Sylow U0,r-subgroups of H/K. So, by induction on rk(H), we may assume
S1K = H = S2K. If K is centralized by S1, then K is also centralized by S2,
so S1 = U0,r(S1K) = U0,r(S2K) = S2. Thus we may assume that S1 and S2
act nontrivially on K. As in Lemma 5.4, the Zilber Field Theorem shows that
there are elements of both S1 and S2 which act without fixed points on K. By
Fact 5.3, S1 and S2 are complements to K in S1K, and the complements to K
in S1K are all conjugate, as desired.
As usual, we have the Frattini argument.
Corollary 5.6. Let H be a solvable group of finite Morley rank, let K ⊳H be
a connected definable subgroup, and let S be a Sylow U0,r-subgroup of K. Then
H = NH(S)K.
Proof. For any h ∈ H , Sh is a Sylow U0,r-subgroup of K. By Theorem 5.5,
Sh = Sk for some k ∈ K. So hk−1 ∈ NH(S) and H = NG(S)K.
We show next that a Sylow U0,r-subgroup of a solvable group is a product
of a “semisimple” and a “unipotent” factor.
Theorem 5.7 ([Bur04a, Lemma 4.19]). Let H be a connected solvable group of
finite Morley rank and let Q be a Carter subgroup of H. Then U0,r(H
′)U0,r(Q)
is a Sylow U0,r-subgroup of H, and every Sylow U0,r-subgroup has this form for
some Carter subgroup Q.
Proof. First, the group D := U0,r(H
′)U0,r(Q) is nilpotent by Lemma 4.4. Let
K be a Sylow U0,r-subgroup of H which contains D. Let H¯ := H/H
′ and
let K¯ := KH ′/H ′. By Fact 2.1, K¯ ∼= K/K ∩ H ′ is a U0,r-group. Since the
quotient map f : Q → QH ′/H ′ is surjective, K¯ ≤ U0,r(H¯) = f(U0,r(Q))
by Fact 2.1, and hence K ≤ H ′U0,r(Q). So K = U0,r(Q)(K ∩ H ′). Now
K = U0,r(Q)U0,r(K ∩H ′) ≤ D by Theorem 2.9, as desired. The final comment
now follows from Theorem 5.5.
Corollary 5.8. Let H be a connected solvable group of finite Morley rank such
that U0,r(H
′) = 1. Then the Sylow U0,r-subgroups of H are contained in Carter
subgroups of H.
Corollary 5.9. Let H be a connected solvable group of finite Morley rank and
let S be a Sylow U0,r-subgroup of H. Then NH(S) contains a Carter subgroup
of H.
Proof. Let Q be a Carter subgroup of H . Then Q normalizes U0,r(Q) and
U0,r(H
′), so Q normalizes some Sylow U0,r-subgroup. Now the result follows by
Theorem 5.5.
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Olivier Fre´con has pointed out one may prove Theorem 5.5, Theorem 5.7,
and Corollary 5.9 in the reverse order from that shown above. Fre´con observes
that a Sylow U0,r-subgroup is normal in its generalized centralizer, by [Fre´00a,
Corollaire 5.17]. So Corollary 5.9 follows from the facts that the a general-
ized centralizer of a nilpotent group is abnormal, [Fre´00a, Corollaire 7.4], and
abnormal subgroups contain Carter subgroups [Fre´00a, The´ore`me 1.2]. The re-
mainder of Fre´con’s reversal is left as an exercise to the reader (see [Fre´00a,
Corollaire 5.20]).
In any case, Corollary 5.9 is analogous to the following fact for ordinary
Sylow subgroups.
Fact 5.10 ([Fre´00a, Cor. 7.15]). Let H be a connected solvable group of finite
Morley rank, and let R be a Sylow p-subgroup of H. Then NH(R) contains a
Carter subgroup of H.
Corollary 5.11. Let H be a connected solvable group of finite Morley rank such
that U0,r(H
′) = 1. Then each Sylow U0,r-subgroup of H commutes with some
Sylow p-subgroup of H.
Olivier Fre´con has pointed out that one may replace Sylow p-subgroups by
Hall π-subgroups in this corollary, by using [Fre´00b, 4.17, 4.22].
Proof. By [BN94, Theorem 9.29 and §6.4], any Sylow p-subgroup P of H has
the form T ∗ Up(H) where T is a divisible abelian p-subgroup of H . By Fact
5.10, NH(P ) contains a Carter subgroup Q of H . By Fact 4.3, T ≤ Z(Q). By
Corollary 5.8, U0,r(Q) is a Sylow U0,r-subgroup of H . Now U0,r(Q) centralizes
P = TUp(H) by Lemma 4.5, as Up(H) ⊳ H , The corollary now follows from
Theorem 5.5.
The absence of a central product in Theorem 5.7 is conspicuous. It is rea-
sonable to ask if there are subgroups A ≤ U0,r(F (H)) and B ≤ U0,r(Q) such
that AB is a Sylow U0,r-subgroup of H , and [A,B] = 1. A positive answer to
this is linked to the problem of building a true notion of unipotent radical in
a solvable groups of finite Morley rank. However, an extension of the group H
below suggests that the answer is no, even for solvable groups which are vaguely
“linear.”
H :=

k∗ k+ k+1 k+
1

 Q :=

k∗ 0 01 k+
1


In this group, U0,1(H
′) ∼= (k+)2 and U0,1(Q) ∼= k∗ × k+ are both abelian, but
H still has a nonabelian Sylow U0,r-subgroup. Of course, one could still take
A = F (H) and B = 1. Now consider a field l with k+ →֒ l∗. We can envision
extending H by a copy of l+, and asking that the copy of k+ inside Q act as a
group of field automorphisms on l+. The Fitting subgroup of this extension ofH
would be abelian, as would the Carter subgroup Q, but the Sylow U0,1-subgroup
would be nonabelian.
In practice, Sylow U0,r-subgroups are useful because one contains any U0,r-
subgroup, but they still behave like Carter subgroups, and Theorem 5.7 links
to the usual Carter subgroup. In [Bur04a], the method of [FJ04] is used to
construct more general Carter Upi,ρ,τ -groups, with π and τ sets of primes and
ρ a set of reduced ranks, corresponding to the three clauses of Proposition
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4.1. For τ = π = ∅, and ρ = {r}, these reduce to our Sylow U0,r-subgroups.
In [Bur04a], a conjugacy theorem is proven for such groups. As Theorem 5.7
and its corollaries do not generalize, Carter Upi,ρ,τ -groups have not yet found
applications.
6 Krull-Schmidt
We now prove a Krull-Schmidt theorem (Theorem 6.7 below) for decompositions
of connected abelian groups into indecomposable subgroups. This material will
not be used in subsequent sections, but provides insight into the behavior of
indecomposable abelian groups.
Lemma 6.1. Let A < B < C be abelian groups of finite Morley rank with A
and B definable. If A has a definable supplement in C then A has a definable
supplement in B and B has a definable supplement in C.
Proof. Let A+A′ = C with A′ < C. Then A′ is a supplement for B in C.
We claim that A′ ∩ B is a supplement for A in B. Since A + A′ = C and
A′ < C, we have A ∩ A′ < A and B ∩ A′ < B. Now B = (A + A′) ∩ B =
A+ (A′ ∩B). So B ∩ A′ is a supplement for A in B.
In particular, the radical J(A) of an abelian group of finite Morley rank will
not have a supplement in another abelian group containing A.
Corollary 6.2. Let B be a abelian group of finite Morley rank, and let A be a
subgroup of B. Then J(A) ≤ J(B).
Remark 6.3. Let C be C3 under addition, with predicates for the subgroups
A = C× 1× 1, A′ = 1× C× 1, B = A+A′, and B′ = C× 1 × C. Then A has
a definable supplement in B, B has a definable supplement in C, and A has no
definable supplement in C.
Let A be a connected abelian group of finite Morley rank, and let I be a
family of definable indecomposable subgroups of G. We say I is a minimal
decomposition of A into indecomposable subgroups if A = 〈
⋃
I〉 and no X ∈ I
may be omitted. We observe that the indecomposable groups in a minimal
decomposition I are connected, by Lemma 1.2 and the fact that the group
generated by the connected indecomposable groups has finite index in A. By
Fact 1.4, every connected abelian group of of finite Morley rank has a minimal
decomposition into indecomposable subgroups.
Lemma 6.4. Let A be a connected abelian group of finite Morley rank. Let
{A1, . . . , An} be a minimal decomposition of A into definable connected inde-
composable subgroups. Then, for any J ≤ A with J◦ ≤ J(A), there is a minimal
decomposition {A1J/J, . . . , AnJ/J} of A/J into definable connected indecom-
posable subgroups.
Proof. By Fact 3.4, {A1J/J, . . . , AnJ/J} is a decomposition of A/J into in-
decomposable subgroups. Suppose that this decomposition is not minimal, i.e.
there is an i such that Ai ≤ J+
∑
j 6=iAj . Since B :=
∑
j 6=i Aj < A, we find that
B and J are supplements to one another. Since A is connected and J◦ ≤ J(A),
B and J◦ are supplements to one another too. By Lemma 6.1, J(A) has a
supplement in A, a contradiction.
13
Lemma 6.5. Let A be a connected abelian group of finite Morley rank. Let
{A1, . . . , An} be a minimal decomposition of A into definable connected inde-
composable subgroups. Then there is a subgroup J ≤ A such that J◦ ≤ J(A)
and A/J =
⊕
k≤n AkJ/J .
Proof. Let K := An ∩ (A1 + · · ·+An−1). Then A/K = An/K ⊕B where B :=
(A1+ · · ·+An−1)/K. Since K < An, we haveK
◦ ≤ J(An) ≤ J(A) by Corollary
6.2. By Lemma 6.4, {A1K/K, . . . , AnK/K} is a minimal decomposition of
A/K into indecomposable subgroups. So {A1K/K, . . . , An−1K/K} is a minimal
decomposition of B into indecomposable subgroups. By induction, there is a
J˜ ≤ B such that B/J˜ =
⊕
k<n(AkK/K)J˜/J˜ , and J˜
◦ ≤ J(B).
Now let J be the pull-back of J˜ under the quotient map x 7→ x/K. Then
A/J =
⊕
k≤nAkJ/J . If J
◦ has a supplement in A, then J◦ has a supplement
in A1 + · · ·+An−1 by Lemma 6.1, contradicting the fact that J˜◦ ≤ J(B).
Corollary 6.6. Let A be a connected abelian group of finite Morley rank, and
let {A1, . . . , An} be a minimal decomposition of A into definable connected in-
decomposable subgroups. Then r¯(A) =
∑
i≤n r¯(Ai).
Proof. By Lemma 6.4, A1J(A)/J(A), . . . , AnJ(A)/J(A) is a minimal decompo-
sition for A/J(A). By Fact 3.4, r¯(AiJ(A)/J(A)) = r¯(Ai) for i ≤ n. So we may
assume that J(A) = 1 By Lemma 6.1, J(Ai) ≤ J(A) = 1 for i ≤ n. So the
result follows from Lemma 6.5.
As one expects, these decompositions are essentially unique, in the sense of
the Krull-Schmidt theorem.
Theorem 6.7 ([Bur04a, Thm. 2.40]). Let A be a connected abelian group of
finite Morley rank. Also let {A1, . . . , An} and {B1, . . . , Bm} be two minimal
decompositions of A into definable connected indecomposable subgroups. Then
the following hold, after a suitable reindexing of the set {A1, . . . , An}.
1. m = n.
2. r¯(Aj) = r¯(Bj) for all j ≤ n.
3. For j ≤ n, we have a minimal decomposition of A given by
A = A1 + · · ·+Aj +Bj+1 + · · ·+Bn
Proof. We will prove by induction that there is a reindexing such that, for
every j ≤ n, we have a minimal decomposition A = A1 + · · · + Aj−1 + Bj +
Bj+1 + · · · + Bm for A, and r¯(Aj) = r¯(Bj). Suppose inductively that A =
A1+ · · ·+Aj−1+Bj+ · · ·+Bmj is a minimal decomposition for A with mj ≤ m,
and that r¯(Ak) = r¯(Bk) for k < j. We fix the indices of A1, . . . , Aj−1, and may
freely reindex the remainder of this list.
By Lemma 6.5, there is a subgroup J ≤ A such that J◦ ≤ J(A) and A/J =⊕
k≤n AkJ/J . Choose b ∈ Bj \K where K := J + J(A) + A1 + · · · + Aj−1 +
Bj+1 + · · ·+ Bmj . There are ak ∈ AkJ for k ≤ n such that b =
∑
k≤n ak. By
the choice of b, there is an i ≥ j such that ai /∈ K. Consider the projection
πi : A → AiJ/J given by x 7→ yiJ/J where x =
∑
k≤n yk with yk ∈ Ak. Since
πi(b) = aiJ/J 6= 1, the map πi|Bj is surjective. By Fact 3.4, r¯(Bj) = r¯(Ai),
concluding part 2 for this stage.
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By choice of b and ai, we have (Bj∩K)◦ ≤ J(Bj) and (Ai∩K)◦ ≤ J(Ai). By
our inductive assumption and Corollary 6.6, r¯(Bj) = rk(A/K) = rk(A)−rk(K).
Now Ai/J is embedded in A/K, but r¯(Ai) = r¯(Bj), so A = A1 + · · ·+ Aj−1 +
Ai+Bj+1+ · · ·+Bmj+1 , with mj+1 = mj , is a decomposition of A into definable
indecomposable subgroups.
Since i ≥ j, we may assume that i = j by reindexing the Ak with k ≥ j. By
Corollary 6.6, r¯(A) =
∑
k<j r¯(Ak) +
∑
k≥j r¯(Bk) =
∑
k≤j r¯(Ak) +
∑
k>j r¯(Bk).
By Corollary 6.6, A = A1+· · ·+Aj+Bj+1+· · ·+Bm is a minimal decomposition,
as desired.
It now follows that n ≤ m. By symmetry, m ≤ n too.
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